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A mulitscale approach is used to model the coalescence of voids.

At the

microscale, cylindrical and spherical voids in nickel and the magnesium alloy AM60 are
simulated through finite element analyses. The nickel cylindrical void simulations are
compared to a set of experiments to validate this micromechanical finite element
approach used to study void coalescence. At the macroscale, the coalescence portion of a
microstructure-property material model is modified to reflect the behavior of threedimensional spherical voids using results from the micromechanical simulations. An
analysis of an automotive component illustrates the influence of void coalescence at the
structural scale.
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CHAPTER I
INTRODUCTION
Void nucleation, growth, and coalescence are known to play major roles in the
fracture of ductile metals. The ductile fracture process is typically described by voids
nucleating at particles and the growth of nucleated and pre-existing voids as the material
plastically deforms. The voids eventually coalesce to form a fracture path leading to
material failure. Garrison and Moody (1987) review the many experimental studies that
have led to this characterization of the ductile fracture process.
In order to predict failure in ductile metals, much work has been done to generate
mathematical models capable of describing void nucleation, growth and coalescence.
This began with the development of void growth models, some of which are reviewed
below. Several of these void growth models have been supplemented with criteria to
predict coalescence and fracture. This study focuses on a macroscale continuum model
by Horstemeyer et al. (2000b).

The coalescence aspect of the model is

micromechanically investigated and improvements are made.
The remainder of this chapter is divided into the three sections. The first section
gives a brief overview of some mathematical models describing the growth of a single
void in a ductile metal. The effects of stress triaxiality on void growth are also discussed
in this section. The second section is concerned with void coalescence and the effects of

1

2
void spacing and void orientation on coalescence. The last section presents the objective
of this paper and an overview of the work done.

Void Growth
Void growth models have been developed to predict ductile fracture in metals and
to aid in understanding void growth. Two of the first mathematical models describing
void growth were proposed by McClintock (1968) and Rice and Tracey (1969). Both
models assume incompressibility of the material containing voids. This is a reasonable
approximation given the work of Bridgman (1923) who showed the compressibility of
many metals to be negligible. McClintock (1968) developed void growth equations for a
cylindrical void, with an elliptical cross section, under plane strain conditions in a
nonhardening and a linear hardening material. These conditions for different hardening
materials were used as limiting cases to estimate void growth in a nonlinear hardening
material.

Rice and Tracey (1969) developed void growth equations to describe a

spherical void in a nonhardening material and included amplification factors for
dilatational growth and shape changing growth. The major contribution of McClintock
(1968) and Rice and Tracey (1969) was revealing the exponential dependence of void
growth on stress triaxiality.
Other void growth models have been proposed as well. A widely used model by
Gurson (1977) comprises an approximate yield criterion for cylindrical and spherical
voids in an incompressible, perfectly plastic material. The yield criteria are functions of
stress and porosity, and deformation is described by a flow rule when conditions for
yielding are met. Because voids in real materials are not always cylindrical or spherical,

3
Gologanu et al. (1994) extended the Gurson (1977) void growth model for a spherical
void to an ellipsoidal void. Cocks and Ashby (1980) modeled void growth using a creep
theory. The growth of spherical voids along grain boundaries are approximated by power
law creep allowing for an indirect accounting of temperature effects by varying the creep
exponent. Budiansky et al. (1982) developed void growth equations for voids in linear
and nonlinear hardening materials to investigate the effects of material strain hardening
on void growth.
One common point among the void growth models is the stress triaxiality’s
influence on void growth. Finite element calculations by Horstemeyer et al. (2000a) and
Pardoen and Hutchinson (2000) show void growth rates increase at higher stress
triaxialities. The results of these numerical studies are supported by the experiments of
Kwon and Asaro (1990). Metallographic examinations of sectioned smooth and notched
tensile specimens allowed for the measurement of voids at varying strain levels up to
fracture. Comparisons between smooth and notched specimens showed increased void
growth in the notched specimens, where the stress triaxiality is higher.

Void Coalescence
The studies reviewed by Garrison and Moody (1987) show void coalescence can
occur by either void impingement or void sheeting. Void impingement occurs when the
ligament between two voids necks down to a point as the voids grow. Void sheeting
arises when microvoids grow in the ligament between two voids and the voids join
through the linking of the microvoids. Experimental observations of both coalescence
mechanisms are documented by Goto et al. (1999) and Chae et al. (2000).

4
Void spacing is an important factor influencing void coalescence because the
closer the voids, the higher the stresses in the intervoid region. Al-Ostaz and Jasiuk
(1997) observed this experimentally in aluminum plates with random arrays of
macroscopic cylindrical voids subjected to uniaxial tension. A photoelasticity method
revealed the locations of highest stresses to be confined to intervoid ligaments of closely
spaced voids. Kushch (1998) numerically simulated two spheroidal voids and varied
their intervoid ligament distances. Higher stresses than that for a single void were
confined to the intervoid ligament and the stresses increased as the distance between the
voids was reduced. Such reductions in void spacing cause an increase in stress and
therefore an increase in void growth. Micromechanical finite element calculations by
Horstemeyer et al. (2000a) showed that two voids within a critical distance always
experience a higher void growth rate than a single void and decreasing the distance
between the voids resulted in higher void growth rates as well. These studies illustrate
how void spacing can amplify void growth and accelerate the coalescence process.
Like void spacing, the orientation of voids with respect to the major stress axis
also influences void growth rates. Finite element calculations by Al-Ostaz and Jasiuk
(1997) illustrated void orientation effects by varying the orientation of two voids with
respect to a uniaxially applied load.

Stresses in the intervoid ligament reached a

maximum when the intervoid ligament was perpendicular to the major stress axis and
were a minimum when parallel to the major stress axis. Numerical studies by Kuna and
Sun (1996), Orsini and Zikry (2001), and Faleskog and Shih (1997) also show stress and
plastic deformation to maximize when the intervoid ligament of two voids is
perpendicular to the major stress axis. For void orientations at 45° to the major stress
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axis, these studies showed a shear localization develops between the voids and found
void growth rates enhanced by the shear localization were lower than voids perpendicular
to the major stress axis. In tensile experiments by Bourcier and Koss (1981), strains were
measured in the ligament between two cylindrical voids at varying orientations to the
loading direction. Strain components for an orientation perpendicular to the applied load
were characterized by normal strains that transitioned to a predominantly shear strain
component at 45° and resulted in the voids linking by void sheeting.

Objective of the Study
Horstemeyer et al. (2000b) presented a methodology for modeling damage in a
ductile metal due to void nucleation, growth, and coalescence. This damage model
incorporates a continuum level equation to account for void coalescence.

Model

constants required for the coalescence equation were based on two-dimensional finite
element analyses. Because voids in metals are three-dimensional, these coalescence
constants may incorrectly account for void coalescence. The objective of this study was
to determine the coalescence constants required for three-dimensional spherical voids,
and was accomplished through a multiscale approach.
The definition of void coalescence used by Horstemeyer et al. (2000b) states that
coalescence is a process beginning when two voids within a critical distance interact. At
this critical distance, there is an increase in stress and plastic deformation in the intervoid
ligament resulting in increased void growth compared to a single isolated void. The
process completes when the voids join by impingement or void sheeting. This definition
is different from other definitions in which coalescence is related to final fracture.
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Figure 1.1 illustrates the multiscale approach used in this study to model void
coalescence.

At the microscale, a finite element analysis of a set of nickel, void

coalescence experiments is performed. The voids in these experiments are considered to
be cylindrical in shape. A comparison of the finite element and experimental results
validates the use of this micromechanical finite element approach to study void
coalescence. Finite element simulations of spherical voids in nickel are then conducted
and compared with the cylindrical void results.

The Unites States Council for

Automotive Research (USCAR) is currently investigating the magnesium alloy AM60 for
use in cast, load bearing automotive components. As a result, micromechanical finite
element simulations of cylindrical and spherical voids in AM60 are also conducted. At
the macroscale, results from the microscale spherical and cylindrical void simulations are
used to determine the coalescence constants for both types of voids. Finally, a finite
element analysis of an automotive control arm illustrates the influence of the coalescence
equation, modified to reflect the behavior of three-dimensional voids, in a structural scale
analysis.
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MICROSCALE
Nickel Cylindrical
Void Experiments

Compare

Nickel Cylindrical Void
Finite Element Analysis

Nickel Cylindrical Void
Finite Element Analysis

Compare

Nickel Spherical Void
Finite Element Analysis

AM60 Cylindrical Void
Finite Element Analysis
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AM60 Spherical Void
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Validates
Micromechanical
Finite Element
Simulations
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in Coalescence
Constant at
Macroscale

MACROSCALE
Determine Coalescence Constants for Nickel
Determine Coalescence Constants for AM60

STRUCTURAL SCALE
Finite Element Analysis of Control Arm

Figure 1.1 Multiscale approach used to model void coalescence.

CHAPTER II
MICROMECHANICAL ANALYSIS OF CYLINDRICAL VOIDS
Nickel Experiments
The micromechanical finite element simulations used to examine void
coalescence in this study were validated using a set of void coalescence experiments
conducted at Sandia National Labs (Belvin, 2000). These experiments consisted of
tensile specimens with the geometries shown in Figure 2.1. The gage length, gage width,
and thickness of the tensile specimens were 11.40, 2.85, and 0.50 mm, respectively. The
through thickness holes were 150 microns in diameter. These holes are taken to be
cylindrically shaped voids that grow and coalesce as the tensile specimens are pulled.
For all geometries with two voids, the distances between the voids were varied to
investigate void spacing effects. Testing specimens with two voids at 90° and 45° to the
loading direction also allowed for an investigation of void orientation effects.
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Figure 2.1 Tensile specimen geometries for nickel void growth and coalescence
experiments.

The material used was high purity polycrystalline nickel. The specimens were
stamped from rolled sheets and the tensile axis of every specimen was oriented along the
rolling direction. Laser drilling was used to create the holes. During laser drilling the
material surrounding the holes is heated, which could cause changes in the
microstructure. Several specimens were etched and viewed under a scanning electron
microscope by Belvin (2000) to examine the microstructure. The microscopic images
revealed no change in the average grain size, which was measured at 50 microns.
The tensile specimens were tested at a rate of 0.003 millimeters per second. A
laser extensometer with a 6-millimeter gage length measured an engineering strain. An
engineering stress was calculated using load readings from the load cell. An optical
digital microscope was used to capture images of the voids throughout the test. To
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quantify the growth of the cylindrical voids, a void area fraction was calculated using the
equation

VAF =

AVOID
,
AGAGE

(2-1)

where VAF is the void area fraction, AVOID is the void area determined from the digital
images, and AGAGE is the initial area of the gage section that includes the initial void area.
The information gathered in the experiments provides engineering stress-strain curves
and void area fraction versus engineering strain curves for each tensile specimen
geometry.

Finite Element Analysis of Nickel Experiments

Material Model
An internal state variable plasticity model coupled with microvoid growth by
Bammann et al. (1993) can be used to describe the nickel material behavior. The model
is capable of capturing the effects of large strain deformations, temperature, and strain
rates on plastic flow. The model incorporates three internal state variables: a kinematic
hardening variable, α , an isotropic hardening variable, κ , and a damage parameter, φ .
These internal state variables are functions of the observable variables: temperature,
stress state, and the rate of deformation.
The kinematics employed in the model follows that in Bammann and Johnson
(1987) and involves a multiplicative decomposition of the deformation gradient. The
velocity gradient associated with this deformation gradient is decomposed into the sum of
a symmetric and antisymmetric tensor.

The symmetric tensor, D , is the rate of
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deformation and the antisymmetric tensor, W , is the spin tensor. The model assumes an
additive decomposition of the deformation rate and spin tensor as

D=D +D +D ,

(2-2)

W =W +W ,

(2-3)

e

e

p

v

p

where the superscripts e , p , and v represent the elastic, deviatoric plastic, and
volumetric parts, respectively. The plastic part of the spin tensor is assumed zero so that
the continuum spin equals the elastic spin. In the equations that follow, for any second
o

order tensor variable X , X represents an objective rate, and for any scalar variable X ,

X& represents a time rate of change.
The flow rule used in the plasticity model is given by
⎡ σ ′ − ( 2 3)α − κ − Y (T ){1 − φ }⎤ σ ′ − ( 2 3)α
p
,
D = f (T ) sinh ⎢
⎥ ′
{
}
(
)
1
φ
σ
−
(
2
3
)
α
V
T
−
⎣
⎦

(2-4)

and is a function of the deviatoric Cauchy stress, σ ′ , the damage parameter, φ , the
hardening variables, α and κ , the temperature, T , and the scalar functions f (T ) ,

Y (T ) , and V (T ) . The function Y (T ) is the rate independent yield stress. The function
f (T ) determines the strain rate at which the yielding behavior becomes rate dependent.
The function V (T ) determines the magnitude of rate dependence on yielding. These
functions are defined as
⎛ C ⎞
V (T ) = C1 exp⎜ − 2 ⎟ ,
⎝ T ⎠

(2-5)

⎛C ⎞
Y (T ) = C3 exp⎜ 4 ⎟ ,
⎝T ⎠

(2-6)
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⎛ C ⎞
f (T ) = C5 exp⎜ − 6 ⎟ ,
⎝ T ⎠

(2-7)

where C1 to C6 are model constants.
Inverting the flow rule results in the yield function for the plasticity model and
defines a yield surface. The kinematic and isotropic hardening variables modify this
yield surface with progressive yielding. The kinematic hardening internal state variable,

α , reflects the effect of an anisotropic dislocation density and causes a translation of the
yield surface center. The isotropic hardening internal state variable, κ , reflects the effect
of the global dislocation density and results in the growth of the yield surface radius. The
evolution equations for the internal state variables α and κ are given by
o

⎤ 2
⎡ 2
p
α α,
rd (T ) D + rs (T )⎥
⎦ 3
⎣ 3

(2-8)

⎡ 2
⎤
p
Rd (T ) D + Rs (T )⎥κ 2 .
⎣ 3
⎦

(2-9)

α = h(T ) D p − ⎢

κ& = H (T ) D p − ⎢

The anisotropic hardening modulus, h(T ) , and the isotropic hardening modulus, H (T ) ,
represent the accumulation of dislocations associated with strain hardening. The static
recovery functions, rs (T ) and Rs (T ) , represent the annihilation of dislocations that occur
during the heating of a deformed microstructure. The dynamic recovery functions, rd (T )
and Rd (T ) , represent the annihilation of dislocations that occur during material
deformation. Therefore, the hardening internal state variables α and κ are cast in a
hardening minus recovery format. The hardening and recovery functions are given by
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⎛ C ⎞
rd (T ) = C7 exp⎜ − 8 ⎟ ,
⎝ T ⎠

(2-10)

h(T ) = C9 − C10T ,

(2-11)

⎛ C ⎞
rs (T ) = C11 exp⎜ − 12 ⎟ ,
⎝ T ⎠

(2-12)

⎛ C ⎞
Rd (T ) = C13 exp⎜ − 14 ⎟ ,
⎝ T ⎠

(2-13)

H (T ) = C15 − C16T ,

(2-14)

⎛ C ⎞
Rs (T ) = C17 exp⎜ − 18 ⎟ ,
⎝ T ⎠

(2-15)

where C7 to C18 are model constants.
The elastic rate of deformation tensor is embedded in the relationship,
o

⎡⎛

2
3

⎞
⎠

⎤

φ&

⎦

(1 − φ )

σ = σ& − W e σ − σ W e = (1 − φ ) ⎢⎜ K − G ⎟tr ( D e ) I + 2G D e ⎥ −
⎣⎝

σ,

(2-16)

where K and G are the elastic bulk and shear moduli, respectively, and σ is the Cauchy
stress.

Equation 2-16 is used to calculate a stress state assuming linear elasticity.

Substituting this state of stress into the yield function determines whether elastic or
plastic deformation has occurred. If there is plastic deformation, the flow rule and
hardening equations are used to determine the stresses.
The material model allows for voids, or porosity, distributed uniformly
throughout the material. The damage parameter, φ , represents this porosity and accounts
for the volume change in the material arising from plastic deformation. The damage
parameter has the effect of degrading the elastic moduli in Equation 2-16, while
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concentrating stress and enhancing plastic flow in Equation 2-4. The volumetric part of
the deformation rate is expressed in terms of φ by the equation
D =

φ&

v

3(1 − φ )

I.

(2-17)

The evolution of the damage internal state variable is controlled by the void growth rule
of Cocks and Ashby (1980),
⎡ 2( 2m − 1) p ⎤ p
⎤
1
− (1 − φ )⎥ sinh ⎢
⎥D ,
m
⎣ (1 − φ )
⎦
⎣ ( 2m + 1)σ e ⎦
⎡

φ& = χ ⎢

(2-18)

where m is a void growth constant, p is the pressure and σ e is the von Mises equivalent
stress. The void growth rule has a strong dependence on the stress triaxiality, χ , given by

χ=

p

σe

.

(2-19)

The Bammann et al. (1993) material model has been implemented in the finite
element code ABAQUS Explicit as a user defined material model. The required model
constants were determined by fitting the experimental stress-strain response from a dense
nickel specimen using a least squares data fit. The model constants C1 to C18 for nickel
are listed in Appendix A. Figure 2.2 shows three experimental stress-strain curves of
dense nickel, with no machined holes, and the stress-strain curve predicted by the
material model. Due to scatter in the experimental data, the stress-strain curve labeled
Experiment 2 is chosen to fit the model constants, because it is close to an average of the
three experimental curves.
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Figure 2.2 Engineering stress versus strain for dense nickel, with no machined holes,
comparing experimental data and the Bammann et al. (1993) material model.

Some constants of this material model are not used for the finite element analysis,
because the simulations in this study are at room temperature and under quasi-static
loads. All hardening is assumed to be isotropic and all recovery is assumed to occur by
dynamic recovery. As a result, many of the nickel model constants listed in Appendix A
are zero. However, the damage aspect of the material model is used to account for a
small amount of porosity around the larger cylindrical voids directly modeled by the
finite element mesh.
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Boundary Conditions
Because the nickel tensile specimens have planes of symmetry, it is not necessary
to create a finite element mesh of the entire specimen. Figure 2.3 is a representation of
the cylindrical void finite element meshes. A one-eighth space analysis is used in the
simulations of a single cylindrical void and two voids at a 90° orientation. A half space
analysis is used in the simulations of two cylindrical voids at a 45° orientation. For the
one-eighth space analysis, the x-y, x-z, and y-z planes are planes of symmetry. On a
plane of symmetry, the nodes are allowed to move within the plane but are constrained
from moving out of the plane. A velocity in the positive y-direction is applied to nodes at
y = +L/2 to simulate a uniaxial loading condition. In the half space analysis, the only
plane of symmetry is the x-y plane. The nodes at y = -L/2 are fixed in the y-direction and
a velocity in the positive y-direction is applied to nodes at y = +L/2 to simulate a uniaxial
loading condition. For the nickel cylindrical void meshes, L is equal to the 2.85 mm gage
width, t is equal to the 0.50 mm thickness, and the void diameters are 0.15 mm.

17

Figure 2.3 Representation of one-eighth space and half space cylindrical void finite
element meshes.

Mesh Refinement
Initially the cylindrical void simulations were conducted using the finite element
code ABAQUS Standard, an implicit code. A mesh refinement study was conducted on
meshes of a single void and two voids in a 90° orientation. Beginning with a coarse
mesh, the number of elements around the void was doubled with each mesh refinement
and the results from five successively finer meshes were compared. As the mesh was
refined the finite element results began to approach the experimental results, but neither
converged on an answer or reached the experimental result.

When the number of

elements in a one-eighth space analysis reached 100,000 elements, it became impractical
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to continue refining the mesh due to run times and memory requirements. The finite
element results from the mesh refinement study did not agree with the experimental
results because of mesh distortion. The material around a void experiences large plastic
strains as the void grows causing the elements to invert into an hourglass shape. Refining
the mesh only delayed the point at which this mesh distortion occurred. The inverted
elements caused the material to behave too stiffly around the voids, resulting in less void
growth than in the experiments.
Conducting the simulations using ABAQUS Explicit, which has an adaptive
meshing capability, solved the mesh refinement problem. The adaptive meshing option
performs several mesh sweeps at specified intervals throughout a simulation. During a
mesh sweep nodes are relocated, based on the current position of neighboring nodes and
elements, to reduce element distortion. After a mesh sweep, solution variables from the
old mesh are mapped to the new mesh. Adaptive meshing prevented elements, in the
large deformation regions around the void, from inverting. Consequently, the finite
element results from ABAQUS Explicit agreed with the experimental results, which the
ABAQUS Standard simulations were approaching. Adaptive meshing also allowed the
use of a coarser mesh, thereby reducing the total number of elements and decreasing run
times. An example of a cylindrical void finite element mesh is shown in Figure 2.4 and
consists of eight node reduced integration brick elements.
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Figure 2.4 Example of a cylindrical void finite element mesh.

Finite Element Results
Figures 2.5 through 2.10 are contour plots of stress triaxiality and effective plastic
strain for a single cylindrical void and two cylindrical voids oriented at 90° and 45° to the
tensile axis. Although the only applied load is uniaxial, a triaxial state of stress is
induced near the cylindrical voids. This triaxial stress state is shown in the contour plots
of stress triaxiality. The increased stresses around the cylindrical voids cause plastic
deformation to localize around the voids and is shown by the contour plots of effective
plastic strain. For both types of contour plots, red regions indicate areas of high stress
triaxiality or effective plastic strain.
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Figure 2.5 Contour plot of stress triaxiality (SDV12) for nickel, with one cylindrical void
at a 24% remote strain in a one-eighth space analysis. The peak triaxialilty is 0.6795.

Figure 2.6 Contour plot of effective plastic strain (SDV9) for nickel, with one cylindrical
void at a 24% remote strain in a one-eighth space analysis. The peak local strain is 1.003.
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Figure 2.7 Contour plot of stress triaxiality (SDV12) for nickel with two cylindrical
voids, 4D spacing, and 90° orientation at a 24% remote strain in a one-eighth space
analysis. The peak triaxiality is 1.258.

Figure 2.8 Contour plot of effective plastic strain (SDV9) for nickel with two cylindrical
voids, 4D spacing, and 90° orientation at a 24% remote strain in a one-eighth space
analysis. The peak local strain is 2.453.
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Figure 2.9 Contour plot of stress triaxiality (SDV12) for nickel with two cylindrical
voids, 4D spacing, and 45° orientation at a 24% remote strain in a half space analysis.
The peak triaxiality is 0.7199.

Figure 2.10 Contour plot of effective plastic strain (SDV9) for nickel with two cylindrical
voids, 4D spacing, and 45° orientation at a 24% remote strain in a half space analysis.
The peak local strain is 1.461.
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A comparison of the stress triaxiality contour plots (Figures 2.5, 2.7, and 2.9)
show the stress triaxiality to be greater when two voids are present.

For a single

cylindrical void, the maximum triaxiality is 0.6795. The maximum triaxialities for two
voids are 1.258 for the 90° orientation and 0.7199 for the 45° orientation. When two
voids are within a critical distance the stress field of one void affects the neighboring
void. This stress interaction increases the stresses in the ligament between the voids and
raises the stress triaxiality. The maximum triaxiality for the 90° orientation being greater
than the 45° orientation is an indication of the higher stresses induced around two
cylindrical voids perpendicular to the tensile axis.
A comparison of the effective plastic strain contour plots (Figures 2.6, 2.8, and
2.10) show effective plastic strains to be greater when two voids are present. The peak
local plastic strain near the single cylindrical void is 1.003. For two voids at a 90° and
45° orientation, the peak local plastic strains are 2.453 and 1.461, respectively. The high
stress triaxiality in the ligament between two voids enhances plastic flow in the ligament
and raises the effective plastic strain. Because stresses are greater for two voids oriented
at 90° than two voids oriented at 45°, the plastic strains are also greater for the 90°
orientation. In the 45° orientation a shear band develops between the voids, which does
not occur in the 90° orientation. This shear band is illustrated by the band of plastic
deformation between the voids in Figure 2.10.
Figures 2.11 and 2.12 plot the local peak stress triaxiality and effective plastic
strain, respectively, for each nickel cylindrical void configuration considered in this
study. These plots reinforce the observations from Figures 2.5 through 2.10 of increased
stresses and plastic strains when two voids are present and that the highest stresses and
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plastics strains occur for the 90° orientation. In addition, Figures 2.11 and 2.12 show
how void spacing affects the maximum stress triaxiality and plastic strain levels. As the
distance between the cylindrical voids is reduced, the stresses and plastic strains in the
intervoid ligament increase for both orientations.
The combination of stress triaxiality and plastic deformation cause void growth
and is illustrated by the plot of void area fraction versus strain in Figure 2.13. Variations
in stress triaxiality and plastic strains for each void configuration affect the amount of
void growth. The higher triaxiality and plastic strains for the two void cases cause the
voids to grow at a higher rate than the single void. This indicates the voids are in the
process of coalescing following the definition of void coalescence by Horstemeyer et al.
(2000b). Void growth rates are higher for the 90° orientation than the 45° orientation due
to the increased stress triaxiality and plastic strains experienced by two voids
perpendicular to the tensile axis. Because the stress triaxiality and plastic strains increase
as the spacing between voids is reduced, the void growth rates also increase as void
spacing is reduced for both orientations.
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Figure 2.11 Local peak stress triaxiality versus engineering strain for each nickel
cylindrical void configuration.
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Figure 2.12 Local peak effective plastic strain versus engineering strain for each nickel
cylindrical void configuration.
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Figure 2.13 Void area fraction versus engineering strain for nickel cylindrical voids
illustrating void growth.

Discussion of Nickel Experiments and Simulations

To make a direct comparison between the experiments and finite element results,
a remote stress, remote strain, and the void areas from the finite element analysis are
needed. To obtain a remote stress, true stress values from several elements away from
the voids are averaged and converted into an engineering stress. The height of the
undeformed mesh is taken as the initial gage length, and the displacement of the top
boundary (y = +L/2 in Figure 2.3) is then used to calculate a remote or engineering strain.
Nodal displacements along the cylindrical void edges are used to calculate the void areas
and subsequent void area fraction. Figures 2.14 and 2.16 are the engineering stress-strain
curves from the nickel experiments and the corresponding finite element results. Figures
2.15 and 2.17 are the void area fraction versus engineering strain, or void growth curves.
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All the stress-strain curves in Figures 2.14 and 2.16 follow a general trend. After
yielding, the nickel strain hardens and increases the load carrying capacity of the tensile
specimens resulting in an increasing stress with increasing strain.

At the point of

maximum stress, the strain hardening nickel is unable to compensate for the decreasing
cross sectional area of the tensile specimens. Plastic deformation then occurs across the
entire gage width resulting in necking, as shown in Figures 2.6, 2.8, and 2.10. The load
required to continue deforming the specimen decreases resulting in the tensile stress
falling off until fracture.
A comparison of the engineering stress-strain curves in Figure 2.14 reveals the
effects of the cylindrical voids on the remote tensile stress. When a single cylindrical
void is present, there is a decrease in the failure strain and maximum tensile stress
compared to the dense tensile specimen. This is due to a combination of the stress
triaxiality and plastic strains, discussed in Section II.B.4, that cause the cylindrical void
to grow. Because of the growing void, the reduction in the cross sectional area occurs
more rapidly than for the dense specimen. The single void specimen reaches the point at
which the strain hardening nickel is no longer capable of compensating for the reduced
cross sectional area at a lower strain. This results in a lower maximum stress. Necking
begins at the point of maximum stress and plastic deformation across the gage width
enhances the cylindrical void’s growth leading to a lower failure strain. The transition
from linear to exponential void growth in Figure 2.15 represents the increased void
growth that occurs during specimen necking.
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Figure 2.14 Engineering stress versus engineering strain curves for nickel cylindrical
voids (single and 90°) comparing experimental and finite element results.
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Figure 2.15 Void area fraction versus engineering strain for nickel cylindrical voids
(single and 90°) illustrating void growth and comparing experimental and finite element
results.

29
Larger stress triaxialities and plastic strains experienced by two voids at a 90°
orientation amplify void growth compared to the single void case in Figure 2.15. This
increased void growth results in the lower failure strains and maximum stress in Figure
2.14. The two cylindrical voids growing at a higher rate than the single void indicates the
voids are in the process of coalescing. Comparing the void growth curves for two and
four diameter spacings shows that reducing the distance between two voids increases the
void’s growth. The void interaction becomes stronger as the distance between them is
reduced, causing an increase in triaxiality and plastic flow in the intervoid ligament. As a
result, the completion of the coalescence process by the impingement of the two voids
will occur sooner for the two diameter spacing.
The same trends observed in the experiments and simulations for two voids at a
90° orientation apply for two voids at a 45° orientation. Due to an interaction between
the two voids, there is an increase in void growth over the single void case in Figure 2.17.
The increased void growth lowers the failure strains and maximum stress in Figure 2.16.
The two voids at 45° growing at a higher rate than the single void again indicates the
voids are in the process of coalescing.

Decreasing the distance between the two

cylindrical voids also results in increased void growth and a speed up in the coalescence
process. For the 45° orientation, the deviation of the stress-strain and void growth curves
from the single void curves is not as pronounced as the 90° orientation. This indicates
that the void interaction is not as strong when two voids are oriented at 45° to the tensile
axis.
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Figure 2.16 Engineering stress versus engineering strain curves for nickel cylindrical
voids (single and 45°) comparing experimental and finite element results.
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Figure 2.17 Void area fraction versus engineering strain for nickel cylindrical voids
(single and 45°) illustrating void growth and comparing experimental and finite element
results.
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While the voids in the 90° orientation will join by impingement, the voids in the
45° orientation will link up by void sheeting due to the shear band illustrated in Figure
2.10. In this study a set of smaller diameter voids, representing a population of nucleated
voids, was not explicitly modeled in the intervoid ligament to examine the void sheet
mechanism, but distributed microporosity was included. Studies by Faleskog and Shih
(1996) and Bandstra et al. (1998) have used the finite element method to investigate void
sheeting. These studies included in their finite element mesh a set of small voids between
two larger voids at 45° to the major tensile axis. The results showed enhanced growth of
the smaller set of voids in the intervoid ligament due to a shear band that formed between
the two larger voids.
Figures 2.18 through 2.20 present a visual comparison of the nickel experiments
and finite element simulations. The dashed lines represent the initial void shape, and the
solid lines represent the void’s final shape. Theses figures show the final void shape
between the experiments and finite element simulations to be similar.
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Figure 2.18 Comparison of the experimental (Belvin, 2000) and finite element final void
shape for nickel with one cylindrical void. The dashed circle is the initial void size and
shape.

Figure 2.19 Comparison of the experimental (Belvin, 2000) and finite element final void
shape for nickel with two cylindrical voids, 2D spacing, and 90° orientation. The dashed
circles are the initial void size and shape.
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Figure 2.20 Comparison of the experimental (Belvin, 2000) and finite element final void
shape for nickel with two cylindrical voids, 4D spacing, and 45° orientation. The dashed
circles are the initial void size and shape.

The comparison of the nickel experimental and simulation results validates the
micromechanical finite element approach used to examine void coalescence in this study.
The stress-strain and void growth curves for the single void and two voids at a 90°
orientation closely coincide with the experimental results. For two cylindrical voids at a
45° orientation, the stress-strain and void growth curves do not agree as well, but the
finite element results do produce the same trends. In the nickel experiments for two
cylindrical voids at 45°, one void always experienced greater void growth.

In the

corresponding finite element analysis, void growth is equal for each void and may be the
reason for the difference in experimental and finite element results for the 45° orientation.
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Finite Element Analysis of Cylindrical Voids in AM60

Material Model and Boundary Conditions
The Bammann et al. (1993) material model describes the AM60 magnesium and
Appendix A lists the model constants. For the nickel simulations, the model constants
were determined from a single stress-strain curve providing constants for isotropic
hardening and dynamic recovery. Because AM60 is part of a current USCAR project,
more extensive testing on the material has been conducted allowing for a determination
of more of the model constants. For the AM60, kinematic and isotropic hardening are
included as well as both static and dynamic recovery.
The mesh refinement level found to be suitable for the nickel cylindrical void
meshes is also applied to the AM60 cylindrical void meshes. The AM60 simulations
were run in ABAQUS Explicit and adaptive meshing prevents elements near the voids
from distorting. Figure 2.3 describes the geometry of the AM60 finite element meshes.
A one-eighth space analysis is used to simulate a single void and two voids at 90° to the
tensile axis, while a half space analysis is used to simulate two voids at 45° to the tensile
axis. For the one-eighth space analysis a velocity is applied to nodes at y = +L/2 to
simulate a uniaxial loading condition. In the half space analysis, the nodes at y = -L/2 are
fixed in the y-direction and a velocity is applied to nodes at y = +L/2 to simulate a
uniaxial loading condition. For these simulations, the gage width, L, is 10 mm, the
thickness, t, is 1.5 mm, and the hole diameters are 0.5 mm.
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Finite Element Results
The behavior of the cylindrical voids in AM60 is similar to the behavior of the
cylindrical voids in nickel. A triaxial state of stress induced near the voids results in
plastic deformation localizing around the voids. Contour plots of stress triaxiality and
effective plastic strain for the AM60 cylindrical void simulations are qualitatively the
same as the nickel contour plots in Figures 2.5 to 2.10. Figure 2.21 is a representative
contour plot of stress triaxiality for the AM60 cylindrical void simulations showing a
region of high stress triaxiality in the ligament between the voids. Figure 2.22 is a
representative contour plot of effective plastic strain showing the highest plastic strains
localized around the voids.

Figure 2.21 Contour plot of stress triaxiality (SDV12) for AM60 with two cylindrical
voids, 2D spacing, and 90° orientation at a 15% remote strain in a one-eighth space
analysis.
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Figure 2.22 Contour plot of effective plastic strain (SDV9) for AM60 with two
cylindrical voids, 2D spacing, and 90° orientation at a 15% remote strain in a one-eighth
space analysis.

Figures 2.23 and 2.24 give the local peak stress triaxiality and effective plastic
strain for each AM60 cylindrical void configuration. Figure 2.23 shows only a small
difference in the local peak stress triaxialities for the varying void configurations. This is
due to a lack of necking as shown in Figure 2.22. When necking occurs, the hydrostatic
stress in the center of a specimen increases and amplifies the differences in the stress
triaxialities for the varying void configurations. Figure 2.24 shows the local plastic
strains to be greater for the two void configurations. The highest plastic strains occur in
the 90° orientation and decreasing the distance between two voids, in either orientation,
increases the local plastic strain.
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Figure 2.23 Local peak stress triaxiality versus engineering strain for each AM60
cylindrical void configuration.
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Figure 2.24 Local peak effective plastic strain versus engineering strain for each AM60
cylindrical void configuration.
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Because no necking occurs in the AM60 cylindrical void simulations, the remote
stress-strain curves in Figure 2.25 deviate only a small amount from the dense material
curve. There is also no transition from liner to exponential void growth for the AM60
cylindrical voids as shown in Figure 2.26. In Figure 2.26, the void area fraction is
normalized by dividing by the initial void area fraction. This allows for a comparison of
the single and two void cases since the initial void area fractions are different. The void
growth curves show greater void growth for the 90° orientation and for the closer spaced
voids. For each void spacing, two and five void diameters, void growth is greater for the
90° orientation. For each orientation, 90° and 45°, void growth is greater for the voids
spaced two diameters apart. For two voids at 45° and spaced five diameters apart, the
void growth curve is identical to the void growth curve for a single void because there is
little interaction between the two voids.
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Figure 2.25 Engineering stress versus engineering strain curves for AM60 cylindrical
void finite element simulations.
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Figure 2.26 Normalized void area fraction versus engineering strain for AM60 cylindrical
void finite element simulations illustrating void growth.

CHAPTER III
MICROMECHANICAL ANALYSIS OF SPHERICAL VOIDS
Finite Element Analysis of Spherical Voids

Material Model, Mesh, and Boundary Conditions
The same material model and mesh refinement level used in the cylindrical void
analysis is applied to the spherical void analysis. The Bammann et al. (1993) material
model discussed in Section II.B.1, with the model constants in Appendix A, describes the
nickel and AM60 material behavior. The spherical voids are contained within a cylinder
of material subjected to uniaxial loading. The diameter of the cylinder is equivalent to
the gage width in the cylindrical void simulations, and the diameter of the spherical voids
is taken to be the same as the diameter of the cylindrical voids. Figure 3.1 shows an
example spherical void finite element mesh with the same mesh refinement level as that
used in the cylindrical void analysis. A FORTRAN program was written to create the
mesh around the spherical void using eight node brick elements and is given in Appendix
B. The spherical void simulations are run in ABAQUS Explicit and adaptive meshing is
used to prevent excessive distortion in elements near the voids.
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Figure 3.1 Example of a spherical void finite element mesh.

Figure 3.2 gives a representation of the spherical void finite element meshes. A
one-eighth space analysis is used in the simulations of a single spherical void and two
voids in a 90° orientation. A half space analysis is used in the simulations of two
spherical voids in a 45° orientation. For the one-eighth space analysis, the x-y, x-z, and
y-z planes are planes of symmetry. A velocity in the positive y-direction is applied to
nodes at y = +L/2 to simulate a uniaxial loading condition. In the half space analysis, the
only plane of symmetry is the y-z plane. The nodes at y = -L/2 are fixed in the ydirection and a velocity in the positive y-direction is applied to nodes at y = +L/2 to
simulate a uniaxial loading condition. For the nickel spherical void meshes, L is 2.85
mm and the void diameters are 0.15 mm. For the AM60 spherical void meshes, L is 10
mm and the void diameters are 0.5 mm.
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Figure 3.2 Representation of one-eighth space and half space spherical void finite
element meshes.

Nickel Finite Element Results
Figures 3.3 through 3.9 are contour plots of stress triaxiality and effective plastic
strain for spherical voids in nickel. A comparison of the stress triaxiality contour plots
(Figures 3.3, 3.5, and 3.7) show only a small difference in the maximum triaxialities for
the varying void configurations. The maximum triaxiality for a single spherical void is
0.5114. For two voids, the maximum triaxialities are slightly higher with values of
0.5623 and 0.5578 for the 90° and 45° orientations, respectively. The higher stress
triaxialities in the two void cases are due to an interaction of the spherical void’s stress
fields. However, the orientation of the spherical voids with respect to the tensile axis has
little effect on the maximum triaxiality.
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A comparison of the effective plastic strain contour plots (Figures 3.4, 3.6, and
3.8) show a larger difference in the peak local plastic strains for the varying void
configurations. For a single spherical void, the peak effective plastic strain near the void
is 0.3885. The peak local strains for two voids are 0.5929 for the 90° orientation and
0.4969 for the 45° orientation. These values reveal there are higher plastic strains for two
voids, with the largest plastic strains occurring for the 90° orientation.

In the 45°

orientation a shear band develops between the voids, which does not occur in the 90°
orientation. The shear band is illustrated in Figure 3.9, where the upper contour limit is
lowered to expose the shear band. The white areas represent regions of effective plastic
strain with values outside the contour limits.

Figure 3.3 Contour plot of stress triaxiality (SDV12) for nickel, with one spherical void at
a 30% remote strain in a one-eighth space analysis. The peak triaxialilty is 0.5114.
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Figure 3.4 Contour plot of effective plastic strain (SDV9) for nickel, with one spherical
void at a 30% remote strain in a one-eighth space analysis. The peak local strain is
0.3885.

Figure 3.5 Contour plot of stress triaxiality (SDV12) for nickel with two spherical voids,
2D spacing, and 90° orientation at a 30% remote strain in a one-eighth space analysis.
The peak triaxiality is 0.5623.
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Figure 3.6 Contour plot of effective plastic strain (SDV9) for nickel with two spherical
voids, 2D spacing, and 90° orientation at a 30% remote strain in a one-eighth space
analysis. The peak local strain is 0.5929.

Figure 3.7 Contour plot of stress triaxiality (SDV12) for nickel with two spherical voids,
2D spacing, and 45° orientation at a 30% remote strain in a half space analysis. The peak
triaxiality is 0.5578.
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Figure 3.8 Contour plot of effective plastic strain (SDV9) for nickel with two spherical
voids, 2D spacing, and 45° orientation at a 30% remote strain in a half space analysis.
The peak local strain is 0.4969.

Figure 3.9 Contour plot of effective plastic strain (SDV9) for nickel with two spherical
voids, 2D spacing, and 45° orientation at a 30% remote strain. The upper contour limit is
lowered to reveal a shear band between the voids.
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Figures 3.10 and 3.11 plot the local peak stress triaxiality and effective plastic
strain, respectively, for the nickel spherical void configurations considered in this study.
These plots reinforce the observations from Figures 3.3 through 3.9 of a small variation
in the stress triaxialities but a large variation in the effective plastic strains. In addition,
Figures 3.10 and 3.11 show the effects of void spacing on the maximum triaxiality and
plastic strain levels. For each void orientation, decreasing the spacing results in a slight
increase in the triaxiality. The peak local plastic strains increase as the spacing is reduced
for the 90° orientation, but there is almost no effect on the effective plastic strain for the
45° orientation.
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Figure 3.10 Local peak stress triaxiality versus engineering strain for each nickel
spherical void configuration.
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Figure 3.11 Local peak effective plastic strain versus engineering strain for each nickel
spherical void configuration.

Figure 3.12 plots the normalized void volume fraction versus engineering strain
for the nickel spherical voids and illustrates void growth. The void volume fraction,

VVF , is calculated in the same manner as the void area fraction using the equation

VVF =

VVOID
,
VTOT

(3-1)

where VVOID is the volume of the voids and VTOT is the total volume, which includes the
volume of the voids and the volume of the surrounding material. Given the final void
shapes in Figures 3.3 to 3.9, the spherical voids are assumed to have elongated into an
ellipsoidal shape. The lengths of the semi axes of the deformed voids in conjunction with
the volume equation for an ellipsoid were used to calculate VVOID .
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Except for two voids in a 90° orientation spaced two diameters apart, there is
little difference in the growth of the nickel spherical voids in Figure 3.12. The void
growth rate for two voids oriented at 90° and four diameter spacing is slightly higher than
the single void case. As the distance between the voids is reduced in the 90° orientation,
the void growth rate increases. For both void configurations oriented at 45°, the void
growth rates are lower than the single void case. This is unexpected given the local stress
triaxialities and plastic strains are higher for the 45° orientations than for the single void
as shown in Figures 3.10 and 3.11. Examining the final void shape in Figure 3.9, for two
spherical voids in a 45° orientation, the assumption that the voids are ellipsoids may not
be valid and could be the cause of the irregularity in the trends of the void growth curves
in Figure 3.12.
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Figure 3.12 Normalized void volume fraction versus engineering strain for each nickel spherical void configuration
illustrating void growth.
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AM60 Finite Element Results
The behavior of the spherical voids in AM60 is similar to the behavior of the
spherical voids in nickel. Contour plots of stress triaxiality and effective plastic strain for
the AM60 spherical void simulations are qualitatively the same as the nickel contour
plots in Figures 3.3 to 3.9. Figure 3.13 is a representative contour plot of stress triaxiality
for the AM60 spherical void simulations showing the highest stress triaxiality occurs
around the voids. Figure 3.14 is a representative contour plot of effective plastic strain
showing the highest plastic strains localized around the voids.

Figure 3.13 Contour plot of stress triaxiality (SDV12) for AM60 with two spherical
voids, 2D spacing, and 90° orientation at a 15% remote strain in a one-eighth space
analysis.
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Figure 3.14 Contour plot of effective plastic strain (SDV9) for AM60 with two spherical
voids, 2D spacing, and 90° orientation at a 15% remote strain in a one-eighth space
analysis.

Figures 3.15 and 3.16 plot the local peak stress triaxiality and effective plastic
strain, respectively, for the AM60 spherical void configurations considered in this study.
Similar to the nickel spherical void results, the stress triaxialities are slightly higher for
two voids compared to a single void, but the overall variation in stress triaxiality is small.
For each void orientation, there is a slight increase in the stress triaxiality as the distance
between the voids is reduced. The variation in the local plastic strains for the AM60 void
configurations is large, with the highest plastic strains occurring for the two void cases.
A reduction in the void spacing results in an increase in the local plastic strains for both
void orientations.
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Figure 3.15 Local peak stress triaxiality versus engineering strain for each AM60
spherical void configuration.
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Figure 3.16 Local peak effective plastic strain versus engineering strain for each AM60
spherical void configuration.
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Figure 3.17 plots the normalized void volume fraction versus engineering strain
for the AM60 spherical voids. Except for two voids with a 90° orientation and two
diameter spacing, there is little difference in the growth of the AM60 spherical voids.
The void growth curve for two voids at 45° and five diameter spacing is identical to the
single void growth curve indicating there is little interaction between the voids in this
configuration. The void growth rate for the 90° orientation and five diameter spacing is
slightly higher than a single void due to the more severe orientation. The void growth
rate for the 45° orientation and two diameter spacing is slightly higher than a single void
due to the more severe void spacing. As expected, the void configuration with the
combination of the more severe 90° orientation and two diameter spacing, experiences
the most void interaction and subsequent void growth.

1.00

1.05

1.10

1.15

0

5

Strain (%)

10

2 Voids, 45°, 5D Spacing

2 Voids, 45°, 2D Spacing

2 Voids, 90°, 5D Spacing

2 Voids, 90°, 2D Spacing

1 Void

1 Void &
2 Voids, 45°, 5D Spacing

2 Voids, 90°, 5D Spacing &
2 Voids, 45°, 2D Spacing

15

Figure 3.17 Normalized void volume fraction versus engineering strain for each AM60 spherical void configuration
illustrating void growth.
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Discussion of Cylindrical and Spherical Voids
Figures 3.18 and 3.19 present a comparison of the cylindrical and spherical void
growth curves for nickel and AM60. To make this comparison the normalized void area
fraction for the cylindrical voids is plotted against the normalized void volume fraction
for the spherical voids. If each spherical void growth curve were plotted, the curves
would be indistinguishable and a single line is used to represent all the spherical void
configurations. For nickel and AM60, the growth of the cylindrical voids is significantly
higher than the growth of the spherical voids.
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Figure 3.18 Normalized void fraction versus engineering strain comparing the growth of
cylindrical and spherical voids in nickel.
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Figure 3.19 Normalized void fraction versus engineering strain comparing the growth of
cylindrical and spherical voids in AM60.

The difference in the cylindrical and spherical void growth is due to the stress
triaxiality and plastic strains levels experienced by each type of void. Tables 3.1 and 3.2
list the local peak stress triaxiality and effective plastic strain, at the same remote strain,
for each cylindrical and spherical void configuration. Table 3.1 gives the nickel peak
values and shows the stress triaxialities and plastic strains to be higher for the cylindrical
voids, which results in greater void growth for the cylindrical voids. Table 3.2 gives the
AM60 peak values and shows the plastic strains to be higher for the cylindrical voids, but
shows the stress triaxialities to be approximately equal. The triaxiality levels are similar
because no necking occurs in either the cylindrical or the spherical void simulations to
increase the hydrostatic stress and boost the stress triaxiality around the voids. The

58
increased void growth in the AM60 cylindrical voids occurs because of the higher plastic
strains.
The smaller triaxiality and plastic strain values for the spherical voids indicate the
interaction of the spherical voids is not as strong as the interaction of the cylindrical
voids. This is also reflected in the cylindrical and spherical void growth curves. In
Figures 3.12 and 3.17, there is only a small variation in void growth for the spherical
voids. In comparison, there is a large variation in void growth for the cylindrical voids in
Figures 3.18 and 3.19.

Table 3.1

Local Peak Stress Triaxiality and Effective Plastic Strain for Nickel
Spherical and Cylindrical Voids
Spherical Voids

Cylindrical Voids

Void
Configuration

Remote
Strain
(%)

Peak Stress
Triaxiality

Peak Effective
Plastic Strain

Peak Stress
Triaxiality

Peak Effective
Plastic Strain

1 Void

28

0.5040

0.3654

1.228

1.698

2 Voids, 90°,
2D Spacing

14

0.5183

0.2889

1.077

2.344

2 Voids, 90°,
4D Spacing

24

0.5133

0.3817

1.252

2.573

2 Voids, 45°,
2D Spacing

22

0.5447

0.3761

0.858

1.379

2 Voids, 45°,
4D Spacing

24

0.5365

0.4039

0.712

1.461
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Table 3.2

Local Peak Stress Triaxiality and Effective Plastic Strain for AM60
Spherical and Cylindrical Voids
Spherical Voids

Cylindrical Voids

Void
Configuration

Remote
Strain
(%)

Peak Stress
Triaxiality

Peak Effective
Plastic Strain

Peak Stress
Triaxiality

Peak Effective
Plastic Strain

1 Void

15

0.4436

0.1837

0.4785

0.3349

2 Voids, 90°,
2D Spacing

15

0.4852

0.2720

0.4960

0.6469

2 Voids, 90°,
5D Spacing

15

0.4715

0.2278

0.4911

0.4151

2 Voids, 45°,
2D Spacing

15

0.4952

0.2494

0.5084

0.4581

2 Voids, 45°,
5D Spacing

15

0.4742

0.2295

0.4916

0.3895

The significance of the cylindrical and spherical void growth comparison is that it
implies the coalescence equation constants in the damage model by Horstemeyer et al.
(2000b) need modification. The two-dimensional finite element simulations, used to
determine the coalescence constants in Horstemeyer et al. (2000b), would likely produce
void growth curves similar to the cylindrical void simulations in this study. Therefore,
the coalescence constants should be adjusted to reflect the behavior of three-dimensional
voids.

CHAPTER IV
CONTINUUM THEORY OF VOID COALESCENCE
(MACROMECHANICS)

Microstructure Property Model
A damage evolution model was implemented into the Bammann et al. (1993)
internal state variable plasticity model, by Horstemeyer et al. (2000b), creating a
macroscale microstructure-property model. This material model is capable of accounting
for the microstructural effects of void nucleation, growth, and coalescence. This damage
model incorporates separate functions for void nucleation, growth, and coalescence that
are combined multiplicatively to determine the total damage, or porosity, within a
material. Since this study is concerned with void coalescence, the focus will be on the
coalescence equation, and its effect on total damage within a material.
The coalescence equation, C , is given by
C = (C D1 + C D 2ην ) exp(CCT T ) ,

(4-1)

where η represents a void nucleation equation, ν is a growth equation for voids
nucleated at particles, T is temperature, and C D1 , C D 2 , and CCT are model constants.
The coalescence equation is used in the determination of total damage, D , given by

D = C (ην + φ pores ) ,

(4-2)
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where φ pores is the damage, or porosity, from preexisting pores in a material. The
evolution of φ pores is controlled by the void growth rule of Cocks and Ashby (1980),
given by,

⎤
⎡ 2( 2m − 1) p ⎤ p
− (1 − φ pores )⎥ sinh ⎢
⎥D ,
⎥⎦
⎢⎣ (1 − φ pores )
⎣ ( 2m + 1)σ e ⎦
⎡

φ pores = ⎢

1

m

(4-3)

where m is a void growth constant, p is the pressure and σ e is the von Mises equivalent
stress. This equation was initially given in Chpater II, as Equation 2-18, but is listed
again for convenience.
For the purposes of this study, the growth and coalescence of voids nucleated at
particles and the effect of temperature on coalescence are neglected. Therefore, C D 2 and
CCT are taken to be zero, reducing the coalescence equation to
C = C D1 .

(4-4)

Because damage due to the growth of nucleated voids is neglected, the total damage, D ,
reduces to
D = Cφ pores = C D1φ pores ,

(4-5)

and the objective is to determine C D1 for spherical voids in nickel and AM60 based on
the finite element results of Chapter III.
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Determination of Coalescence Constant

Determining the coalescence constant, C D1 , requires bridging the microscale
finite element simulations with the macroscale microstructure-property model.

As

illustrated in Figure 4.1, there are local stresses, strains, and void growth related to the
micromechanical simulations in Chapters II and III. The microstructure-property model
does not account for the local stresses, strains, and void growth associated with each void
in a material. The model uses effective values for stress, strain, and void growth, which
represent an average of the local values.

Microscale:

Macroscale:

Local σ , ε , & φ

Effective σ , ε , & φ

Figure 4.1 Illustration of an effective stress, strain, and damage at the macroscale
representing an average of the local stresses, strains, and damage at the microscale.

The void growth constant, m , for nickel and AM60 must be determined before
C D1 . Because the Cocks and Ashby (1980) void growth equation is derived for a single

spherical void, m , is determined using the finite element results for a single spherical
void. Setting C D1 to one negates the influence of the coalescence constant. The void
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growth constant is then varied until Equation 4-5, in the microstructure-property model,
produces a damage curve similar to the micromechanical void growth curve for a single
spherical void. Figure 4.2 shows the microscale void growth curve and the macroscale
damage curve predicted by the microstructure property model for nickel and AM60. The
void growth constant is 1.95 for nickel and 2.15 for AM60.
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Figure 4.2 Determination of void growth constant for nickel and AM60.

Once the void growth constant is known for each material, the coalescence
constant for the spherical voids can be determined. Similar to the determination of, m ,
the coalescence constant, C D1 , is varied until the microstructure-property model produces
a damage curve inline with the micromechanical results. The micromechanical void
growth curve used will vary depending on the void configuration considered, resulting in
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a variation in the coalescence constant. To determine the best coalescence constant an
optimization scheme is required, which is beyond the scope of this work. Therefore, the
coalescence constant will be determined for the most severe case, two voids in a 90°
orientation spaced two diameters apart. For nickel and AM60, Figure 4.3 presents the
micromechanical void growth curve for two spherical voids, the damage curve for
C D1 = 1 , and the damage curve for the determined coalescence constant. The C D1 values

for nickel and AM60 spherical voids are 0.002 and 0.003, respectively.
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Figure 4.3 Determination of spherical void coalescence constant for nickel and AM60.
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In the determination of the coalescence constant, the initial porosity value, φ pores ,i ,
for the Cocks and Ashby (1980) void growth equation is set equal to,

φ pores ,i =

VVFi
,
C D1

(4-6)

where VVFi is the initial void volume fraction in the micromechanical simulations. This
forces the initial total damage, Di , in Equation 4-5 to equal the initial void volume
fraction, VVFi , in the micromechanical simulations, as illustrated by

Di = C D1φ pores ,i = C D1

VVFi
= VVFi .
C D1

(4-7)

As a result, the Cocks and Ashby (1980) equation has a larger influence than the
coalescence constant in matching up the micro and macroscale curves in Figure 4.3. If
C D1 is greater than one, then φ pores,i will decrease as C D1 increases. In this case, the

coalescence constant cannot compensate for the decreased porosity values calculated by
the Cocks and Ashby (1980) equation and the damage curve is lower than the C D1 = 1
curve. If C D1 is less than one, then φ pores,i will increase as C D1 decreases. In this case,
the Cocks and Ashby (1980) equation calculates excessively large porosity values and the
fractional value of C D1 lowers the total damage to produce a damage curve higher than
the C D1 = 1 curve.
Coalescence constants are also determined for two cylindrical voids at a 90°
orientation and two diameter spacing. Figure 4.4 shows the microscale cylindrical void
growth curves and the corresponding macroscale damage curves for nickel and AM60.
The C D1 values for the cylindrical voids are 0.0013 for nickel and 0.0046 for AM60.
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Figure 4.4 Determination of cylindrical void coalescence constant for nickel and AM60.

The determination of the coalescence constant relates to the initial microscale
void fraction in Equation 4-6. Consequently, the cylindrical and spherical C D1 values
cannot be directly compared because the initial void area fraction for the cylindrical voids
is different from the initial void volume fraction for the spherical voids. Given the
comparison of the cylindrical and spherical void growth curves in Chapter III, there
would still be a difference in the coalescence constants if the initial void fractions for the
spherical and cylindrical voids were equal. In this case, the cylindrical void C D1 values
would likely be smaller than the spherical void C D1 values determined above, to capture
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the higher void growth rates of the cylindrical voids. Since the spherical void simulations
are a closer representation of voids in a real material, the coalescence constant
determined for the spherical voids is an improvement over the coalescence constant based
on the two dimensional simulations in Horstemeyer et al. (2000b).

CHAPTER V
APPLICATION OF VOID COALESCENCE MODEL
(STRUCTURAL MECHANICS)

Finite Element Analysis of an Automotive Control Arm
To illustrate the usefulness of the coalescence model, the structural scale
automotive control arm in Figure 5.1 is analyzed. The material is assumed to be AM60
and the Horstemeyer et al. (2000b) microstructure-property model describes the material
behavior. An initial porosity level is assumed in the control arm and no additional voids
are allowed to nucleate. The damage equation, Equation 4-5, controls the evolution of
the porosity using the Cocks and Ashby (1980) void growth constant and coalescence
constant determined from the AM60 spherical void simulations. Figure 5.1 shows the
applied boundary conditions. The displacements are applied to every node on the surface
indicated. A displacement of zero means the nodes are fixed.
When analyzing a component the porosity level and distribution is not always
known, but can be varied to determine the influence on the failure location. In this
example, two different initial porosity levels are considered with a homogeneous and
random distribution.

For the homogeneous distribution, the same initial porosity is

assigned to each element. For the random distribution, the initial porosity assigned to
each element varies throughout the mesh.
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The porosity levels considered are void
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volume fractions of 0.0012 and 0.00015. These porosity levels were chosen to illustrate
the usefulness of the Horstemeyer et al. (2000b) microstructure-property and are not
realistic values for a cast AM60 component.

Figure 5.1 Boundary conditions applied to automotive control arm.
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Finite Element Results
Figure 5.2 is a contour plot of damage with a 0.0012 initial porosity level and a
homogeneous distribution. The red element in Figure 5.2 is the point of highest damage
and predicts failure at that location. For both initial porosity levels and distributions, the
highest damage occurs in this region, but not necessarily in the same element. Figures
5.3 and 5.4 plot the point of highest damage for each case. While the amount of damage
that accumulates varies for each case considered, the same failure region is predicted
regardless of the initial porosity level and distribution.

Figure 5.2 Contour plot of damage (SDV14) in automotive control arm with a 0.0012
initial porosity and homogeneous distribution showing the location of failure.
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Figure 5.3 Damage versus applied displacement in element with maximum damage for a
0.0012 initial porosity.
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Figure 5.4 Damage versus applied displacement in element with maximum damage for a
0.00015 initial porosity.
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Figure 5.5 is a contour plot of the von Mises equivalent stress and the red region
is the point of maximum stress. This point occurs at a location other than the point of
maximum damage in Figure 5.2. If the influence of the material’s microstructure is not
considered, then an analyst might suggest failure to occur at the point of maximum stress.
It is a combination of the stresses in the control arm and the growth and coalescence of
voids at the microscale, which determine the failure location. This example illustrates the
importance of accounting for the effects of void coalescence in a structural scale analysis.

Figure 5.5 Contour plot of von Mises stress in automotive control arm showing point of
maximum stress.

CHAPTER VI
CONCLUSION
Summary
A mulitscale approach was used to model the coalescence of voids. At the
microscale, individual voids were simulated through finite element analyses. At the
macroscale, the coalescence portion of the Horstemeyer et al. (2000b) microstructureproperty model was improved using results from the micromechanical simulations. An
analysis of an automotive component illustrated the influence of void coalescence at the
structural scale.
A finite element analysis of a set of void coalescence experiments was conducted.
These finite element simulations captured trends observed in the experimental stressstrain and void growth curves. The comparison of experiments and simulations validated
the micromechanical finite element approach used to study void coalescence. Validating
the micromechanical simulations was important to ensure quality results were obtained in
the analysis of spherical voids.
The cylindrical and spherical void finite element simulations showed how stress
triaxiality and plastic strains varied with the void configuration and affected void growth.
For both types of voids, stress triaxialities and plastic strains were higher for two voids
than for a single void. Consequently, void growth rates for two voids were higher than a
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single void and indicated the voids were in the process of coalescing. For the same void
spacing, the stress triaxiality and plastic strains were higher for the 90° orientation
causing higher void growth rates in this orientation. For the same orientation, the stress
triaxiality and plastic strains were higher for the closer spaced voids causing higher void
growth rates for the closer spaced voids. Void growth was always a maximum for the
90° orientation and two diameter spacing.
The two-dimensional finite element simulations used to determine the
coalescence constant in Horstemeyer et al. (2000b) would likely produce void growth
curves similar to the cylindrical void simulations. Because void growth rates for the
spherical voids were significantly less than void growth rates for the cylindrical voids, it
was concluded the coalescence constant should be modified.

Determining the

coalescence constant from the spherical void results required bridging the
micromechanical simulations with the macroscale microstructure-property model. To
accomplish this, the Cocks and Ashby (1980) void growth constant was tuned to the
results for a single spherical void. The coalescence constant was then determined by a
trial and error method to produce a macroscale damage curve similar to the microscale
void growth curve for two spherical voids at a 90° orientation and two diameter spacing.
An analysis of a structural scale automotive component was conducted using the
coalescence constant modified to describe three-dimensional voids. Simulations were
conducted for two different porosity levels with a homogeneous and random distribution.
Failure was predicted at the same location regardless of the initial porosity and
distribution.

Maximum damage did not occur at the point of maximum stress and
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illustrated the importance of accounting for the effects of void coalescence at the
structural scale.

Future Work
Modifying the coalescence constant in the Horstemeyer et al. (2000b)
microstructure-property model to reflect the behavior of three-dimensional voids is a
definite improvement over the coalescence constant based on two-dimensional finite
element simulations.

However, other aspects of the coalescence model need to be

explored. The coalescence constant, C D1 , was determined for a certain initial void
volume fraction, or porosity level, which is then applied to other situations with a
different initial porosity level. An investigation could be made of the range of porosity
levels for which C D1 is applicable. In addition, only a uniaxially applied stress was
considered in this study. For real components, such as the control arm, the applied loads
and component geometry will likely create a more complex state of stress. The effects of
varying stress states on the coalescence of voids should also be considered. Furthermore,
the maximum initial damage, or porosity, is limited by the coalescence constant. In the
microstructure-property model, the initial damage is determined by Equation 4-7. A
value of one for the Cocks and Ashby (1980) initial porosity value, φ pores,i , would
correspond to a void volume equivalent to the volume of the finite element.

This

requires, φ pores,i , to be less than one to allow for the evolution of porosity during material
deformation. For the C D1 value of 0.003, determined in this study for spherical voids in
AM60, it would be difficult to consider an initial damage greater than 0.25%. A possible
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solution to these problems may be to replace the coalescence constant, C D1 , with an
equation which is a function of the stress state and initial porosity level.
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APPENDIX A
Nickel and AM60 Model Constants
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Table A.1 Nickel and AM60 Model Constants

G (MPa)
K (MPa)
C1 (MPa)
C2 (K)
C3 (MPa)
C4 (K)
C5 (1/sec)
C6 (K)
C7 (1/MPa)
C8 (K)
C9 (MPa)
C10 (K)
C11 (sec/MPa)
C12 (K)
C13 (1/MPa)
C14 (K)
C15 (MPa)
C16 (K)
C17 (sec/MPa)
C18 (K)

Nickel
7.9000E+04
1.8158E+05
0.0
0.0
1.1491E+02
0.0
1.0000E-05
0.0
0.0
0.0
0.0
0.0
0.0
0.0
1.6261E-02
0.0
1.6611E+03
0.0
0.0
0.0

AM60
1.6560E+04
4.6690E+04
0.0
0.0
9.2820E+01
4.7930E+01
1.0000E-05
5.9910E-07
1.9290E+07
6.8680E+03
1.5770E+03
5.9310E-01
6.5290E-05
1.0640E+06
1.4800E+01
6.9110E-07
4.0770E+04
1.0240E+02
0.0
0.0

APPENDIX B
FORTRAN Program to Create a One-Eighth Space Finite Element Mesh
Around a Spherical Void
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program sph_mesh
!This program creates a one-eighth space mesh of a spherical void
!inside a cube of material. The cube length is 2L
implicit none
integer :: narc,n1,n2,N,i,j,k,h,a,a1,a2,m,T,BR,BL,TOT,Ntot,Etot
real :: dia,rad,L,x,y,z,sp,r,rtot,x1,num1,num2,num3
real, dimension(:,:), allocatable::ray_T
real, dimension(:,:), allocatable::ray_BR
real, dimension(:,:), allocatable::ray_BL
real, dimension(:,:), allocatable::ray
real, dimension(:,:), allocatable::n_spherical
real, dimension(:,:), allocatable::n_cartesian
real, dimension(:,:), allocatable::elements
open (10, file = 'sph_mesh.inp')
!Prompts for user inputs
!write(*,*) 'Refer to _____.doc for variables'
write(*,*) 'Enter void diameter:'
read(*,*) dia
rad = dia/2.
write(*,*) 'Enter dimension L:'
read(*,*) L
write(*,*) 'Enter an even # of elements along 1/4 of void circumference:'
read(*,*) narc
write(*,*) 'Number of elements from void edge to cube edge:'
read(*,*) n1
n2 = narc/2.
write(*,*) 'Spacing ratio between void edge and cube edge:'
read(*,*) sp
!Number of nodes along lines of length L
N = n2+1
!Number of nodes on top surface (y=L)
T = N*N
!Number of nodes on back right surface (z=L)
!excluding nodes already accounted for
BR = (N-1)*N
!Number of nodes on back left surface (x=L)
!excluding nodes already accounted for
BL = (N-1)*(N-1)
!Total number of rays
TOT = T+BR+BL
!Determine rays from origin (void center) to nodes on surface y=L
allocate (ray_T(T,4))
do j=1,n2+1
do k=1,n2+1
x = (L/n2)*(j-1)
y=L
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z = (L/n2)*(k-1)
i = (j-1)*(n2+1)+k
ray_T(i,1) = sqrt((x*x)+(y*y)+(z*z)) !r
ray_T(i,2) = atan2(y,x)
!theta
ray_T(i,3) = acos(z/ray_T(i,1)) !phi
!Calculate distance between nodes on a ray
ray_T(i,4) = (ray_T(i,1)-rad)/n1
end do
end do
!Determine rays from origin (void center) to nodes on surface z=L
allocate (ray_BR(BR,4))
do j=1,n2+1
do k=1,n2
x = (L/n2)*(j-1)
y = (L/n2)*(k-1)
z=L
i = (j-1)*(n2)+k
ray_BR(i,1) = sqrt((x*x)+(y*y)+(z*z)) !r
ray_BR(i,2) = atan2(y,x)
!theta
ray_BR(i,3) = acos(z/ray_BR(i,1)) !phi
!Calculate distance between nodes on a ray
ray_BR(i,4) = (ray_BR(i,1)-rad)/n1
end do
end do
!Determine rays from origin (void center) to nodes on surface x=L
allocate (ray_BL(BL,4))
do j=1,n2
do k=1,n2
x=L
y = (L/n2)*(k-1)
z = (L/n2)*(j-1)
i = (j-1)*(n2)+k
ray_BL(i,1) = sqrt((x*x)+(y*y)+(z*z)) !r
ray_BL(i,2) = atan2(y,x)
!theta
ray_BL(i,3) = acos(z/ray_BL(i,1)) !phi
!Calculate distance between nodes on a ray
ray_BL(i,4) = (ray_BL(i,1)-rad)/n1
end do
end do
!Combine ray_T, ray_BR, and ray_BL into one array
allocate (ray(TOT,4))
do j=1,n2+1
do k=1,n2
i = k+(j-1)*(n2+n2+1)
h = k+(j-1)*n2
ray(i,1) = ray_BR(h,1)
ray(i,2) = ray_BR(h,2)
ray(i,3) = ray_BR(h,3)
ray(i,4) = ray_BR(h,4)
end do
end do
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do j=1,n2+1
do k=1,n2+1
i = k+n2+(j-1)*(2*n2+1)
h = j*(n2+1)-(k-1)
ray(i,1) = ray_T(h,1)
ray(i,2) = ray_T(h,2)
ray(i,3) = ray_T(h,3)
ray(i,4) = ray_T(h,4)
end do
end do
do j=1,n2
a = n2-(j-1)
do k=1,a
i = T+BR+k+(n2*n2)-(a*a)
h = k+(n2*a)-n2
ray(i,1) = ray_BL(h,1)
ray(i,2) = ray_BL(h,2)
ray(i,3) = ray_BL(h,3)
ray(i,4) = ray_BL(h,4)
end do
end do
do j=1,n2-1
a = (n2-1)-(j-1)
do k=1,a
i = T+BR+k+(n2*n2)-(a+1)*a
h = a*n2-(j-1)-(n2*(k-1))
ray(i,1) = ray_BL(h,1)
ray(i,2) = ray_BL(h,2)
ray(i,3) = ray_BL(h,3)
ray(i,4) = ray_BL(h,4)
end do
end do
!******************************************************************************
!
Define Nodes
!******************************************************************************
!Determine total number of nodes
Ntot = TOT*(n1+1)
!Create nodes
allocate (n_spherical(Ntot,4))
if (sp.eq.1) then
!If spacing ratio is one
do j=1,TOT
do k=1,n1+1
i = (j-1)*(n1+1)+k
n_spherical(i,1) = rad+(k-1)*ray(j,4) !r
n_spherical(i,2) = ray(j,2)
!theta
n_spherical(i,3) = ray(j,3)
!phi
n_spherical(i,4) = i
!node #
end do
end do
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else
!If spacing ratio is not one
!Lr=lenght of a ray
!x1=length of first element along ray
!x1=Lr/(1+r+r^2+...+r^(n1-1))
num1 = n1-1
num2 = 1/num1
r = sp**num2
rtot = 0
do i=1,n1
rtot=rtot+r**(i-1)
end do
do j=1,TOT
x1 = (ray(j,1)-rad)/rtot
num3 = 0
do k=1,n1+1
i = (j-1)*(n1+1)+k
n_spherical(i,1) = rad+num3
n_spherical(i,2) = ray(j,2)
n_spherical(i,3) = ray(j,3)
n_spherical(i,4) = i
num3 = num3+x1*r**(k-1)
end do
end do

!r
!theta
!phi
!node #

end if
!Convert nodes from spherical to cartesian coordinates
allocate (n_cartesian(Ntot,4))
do i=1,Ntot
n_cartesian(i,1) = n_spherical(i,4)
n_cartesian(i,2) = (n_spherical(i,1))*(cos(n_spherical(i,2)))*(sin(n_spherical(i,3)))
n_cartesian(i,3) = (n_spherical(i,1))*(sin(n_spherical(i,2)))*(sin(n_spherical(i,3)))
n_cartesian(i,4) = (n_spherical(i,1))*(cos(n_spherical(i,3)))
end do

!node #
!x
!y
!z

!******************************************************************************
!
Define Elements
!******************************************************************************
!Total number of elements
Etot = 3*n2*n2*n1
allocate (elements(Etot,9))
do m=1,n2
do j=1,narc
do k=1,n1
i = (m-1)*narc*n1+(j-1)*n1+k
elements(i,1) = (narc+1)*(n1+1)+k+(j-1)*(n1+1)+(m-1)*(narc+1)*(n1+1)
elements(i,2) = k+(j-1)*(n1+1)+(m-1)*(narc+1)*(n1+1)
elements(i,3) = (n1+2)+(k-1)+(j-1)*(n1+1)+(m-1)*(narc+1)*(n1+1)
elements(i,4) = (narc+1)*(n1+1)+(n1+2)+(k-1)+(j-1)*(n1+1)+(m-1)*(narc+1)*(n1+1)
elements(i,5) = (narc+1)*(n1+1)+(k+1)+(j-1)*(n1+1)+(m-1)*(narc+1)*(n1+1)
elements(i,6) = k+1+(j-1)*(n1+1)+(m-1)*(narc+1)*(n1+1)
elements(i,7) = (n1+2)+k+(j-1)*(n1+1)+(m-1)*(narc+1)*(n1+1)
elements(i,8) = (narc+1)*(n1+1)+(n1+2)+k+(j-1)*(n1+1)+(m-1)*(narc+1)*(n1+1)
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elements(i,9) = i
end do
end do
end do
do m=1,n2
a = (narc-1)-2*(m-1)
h = n2-(m-1)
do j=1,a
do k=1,n1
i = Etot-n1*h*h+(j-1)*n1+k
elements(i,1) = (narc+1)*(n1+1)*(n2+1)+(n1+1)*(m-1)*(narc+1-m)+k+(j-1)*(n1+1)
elements(i,3) = (narc+1)*(n1+1)*n2+(n1+2)+(n1+1)*(m-1)*(narc+1-m)+
(m-1)*(2*n1+2)+(k-1)+(j-1)*(n1+1)
elements(i,5) = (narc+1)*(n1+1)*(n2+1)+(n1+1)*(m-1)*(narc+1-m)+(k+1)+(j-1)*(n1+1)
elements(i,7) = (narc+1)*(n1+1)*n2+(n1+2)+(n1+1)*(m-1)*(narc+1-m)+
(m-1)*(2*n1+2)+k+(j-1)*(n1+1)
elements(i,9) = i
end do
end do
end do
do j=1,n2
do k=1,n1
i = 2*n2*n2*n1+(j-1)*n1+k
elements(i,2) = (narc+1)*(n1+1)*n2+k+(j-1)*(n1+1)
elements(i,6) = (narc+1)*(n1+1)*n2+k+1+(j-1)*(n1+1)
end do
end do
a1 = 0
a2 = 0
do m=1,n2-1
a = (n2-1)-(m-1)
do j=1,a
do k=1,n1
i = 2*n2*n2*n1+n2*n1+(m-1)*n1*(2*n2-m)+(j-1)*n1+k
elements(i,2) = (narc+1)*(n2+1)*(n1+1)+(n2-1)*(n1+1)+a1*(n1+1)+k+(j-1)*(n1+1)
elements(i,6) = (narc+1)*(n2+1)*(n1+1)+(n2-1)*(n1+1)+a1*(n1+1)+k+1+(j-1)*(n1+1)
end do
end do
do j=1,a
do k=1,n1
i = 2*n2*n2*n1+(2*n2-1)*n1+(m-1)*n1*(2*n2-1-m)+(j-1)*n1+k
elements(i,2) = (narc+1)*(n2+1)*(n1+1)+a2*(n1+1)+k+(j-1)*(n1+1)
elements(i,6) = (narc+1)*(n2+1)*(n1+1)+a2*(n1+1)+k+1+(j-1)*(n1+1)
end do
end do
a1 = a1+2*a
a2 = a2+2*a+1
end do
a1 = n2-1
a2 = 0
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do m=1,n2
a = n2-(m-1)
do j=1,a
do k=1,n1
i = 2*n2*n2*n1+a1*n1+(j-1)*n1+k
elements(i,4) = (narc+1)*n2*(n1+1)+(n2+1)*(n1+1)+a2*(n1+1)+k+(j-1)*(n1+1)
elements(i,8) = (narc+1)*n2*(n1+1)+(n2+1)*(n1+1)+a2*(n1+1)+(k+1)+(j-1)*(n1+1)
end do
end do
a1 = a1+2*(n2-1)-2*(m-1)
a2 = a2+2*a
end do
a1 = 0
do m=1,n2-1
a = (n2-1)-(m-1)
do j=1,a
do k=1,n1
i = 2*n2*n2*n1+(m-1)*(2*n2-(m-1))*n1+(j-1)*n1+k
elements(i,4) = (narc+1)*(n2+1)*(n1+1)+(n1+1)+a1*(n1+1)+k+(j-1)*(n1+1)
elements(i,8) = (narc+1)*(n2+1)*(n1+1)+(n1+1)+a1*(n1+1)+(k+1)+(j-1)*(n1+1)
end do
end do
a1 = a1+(2*n2-1)-2*(m-1)
end do
!******************************************************************************
!Write nodes and elements to ABAQUS input deck
write(10,*) '*NODE, NSET=NALL'
do j=1,NTOT
write(10,100) int(n_cartesian(j,1)),',',n_cartesian(j,2),',',&
n_cartesian(j,3),',',n_cartesian(j,4)
end do
write(10,*) '*ELEMENT, TYPE=C3D8R, ELSET=EALL'
do j = 1,ETOT
write(10,200) int(elements(j,9)),',',int(elements(j,1)),',',int(elements(j,2)),',',&
int(elements(j,3)),',',int(elements(j,4)),',',int(elements(j,5)),',',&
int(elements(j,6)),',',int(elements(j,7)),',',int(elements(j,8))
end do
100 format (1X,I10,A1,1X,F18.12,A1,1X,F18.12,A1,1X,F18.12)
200 format (1X,I10,A1,I10,A1,I10,A1,I10,A1,I10,A1,I10,A1,I10,A1,I10,A1,I10)
end program sph_mesh

